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On formation of long-living states
Boris I. Ivlev
Instituto de F´ısica, Universidad Auto´noma de San Luis Potos´ı,
San Luis Potos´ı, 78000 Mexico
The motion of a particle in the potential well is studied when the particle is attached to the infinite
elastic string. This is generic with the problem of dissipative quantum mechanics investigated by
Caldeira and Leggett [1]. Besides the dissipative motion there is another scenario of interaction of
the string with the particle attached. Stationary particle-string states exist with string deformations
accompanying the particle. This is like polaronic states in solids. Our polaronic states in the well are
non-decaying and with continuous energy spectrum. Perhaps these states have a link to quantum
electrodynamics. Quantum mechanical wave function, singular on some line, is smeared out by
electron “vibrations” due to the interaction with photons. In those anomalous state the smeared
singularity position would be analogous to the place where the particle is attached to the string.
PACS numbers: 03.65.-w, 03.65.Ge
I. INTRODUCTION
Discrete energy levels of the electron in a potential well
become of a finite width under the interaction with pho-
tons. This provides finite lifetimes of levels with respect
to photon emission. Photons are emitted until the elec-
tron reaches the ground state level. This level has zero
width. It is slightly shifted (the Lamb shift) due to the
electron-photon interaction [2].
Discrete levels can be of different lifetimes. When the
certain level is long-living this results in possibility of
laser generation. Broadening of the energy level is char-
acterized by the imaginary part of its energy. The level
widths in various atoms are known [3].
There is a question which does not seem conventional.
Are there some conditions to get long-living states with
the continuous energy spectrum in a potential well? Such
states would provide unusual laser generation. This phe-
nomenon may occur solely due to interaction with a reser-
voir since in quantum mechanics levels in a well are dis-
crete.
As shown in the paper, the answer to that question is
positive. The motion of a particle in the well is stud-
ied when the particle is attached to the infinite elastic
string. The moving particle causes elastic waves of the
string which carry away the energy. The energy dissipa-
tion provides friction motion of the particle. This prob-
lem is generic with one in paper [1] studying dissipative
quantum mechanics. See also [4–15].
Besides such dissipative motion there is another sce-
nario of interaction of the string with the attached par-
ticle. That regime is not dissipative. The joint particle-
string state is stationary and string deformations accom-
pany the particle. This reminds polaronic state in a solid
when the electron is “dressed” by phonons [16]. Our
polaronic states in the well are continuously distributed
in energy which does not have an imaginary part. This
means that polaronic states of all their energies are non-
decaying.
One can qualitatively explain why photons (string
sound waves) are not emitted by polaronic states. This is
due to the “hard” connection of the particle to the string.
Emission of waves would result in oscillations of the string
including the point of particle attachment. This increases
the particle kinetic energy preventing it to lose its total
energy and therefore resulting in non-decaying states.
The issue is that nature allows the continuous non-
decaying energy spectrum in a potential well. This con-
clusion is based on the exact solution of the particle-
string problem obtained in this paper. There is no con-
tradiction to quantum mechanics since the particle is cou-
pled to the reservoir.
The solution obtained would be just a model but per-
haps there is a link from those polaronic states to quan-
tum electrodynamics.
In quantum electrodynamics radiative corrections are
small [2] and one can say that the electron is not con-
nected “hard” to electromagnetic coordinates as in the
string case. Therefore shifts of discrete energy levels of
the electron (the Lamb shift [2]) are small. This is accom-
panied by a small broadening of higher levels resulting
in photons emission. The Lamb shift occurs since, due
to the photon influence, the electron “vibrates” within
the narrow region of 10−11cm [17, 18]. In that way
it probes various parts of the potential and therefore
slightly changes its energy. Thus in quantum electro-
dynamics polaronic states are impossible at first sight.
However, in quantum electrodynamics there are the
certain conditions when states of the polaronic type do
not seem definitely excluded. The electron wave function
in quantum mechanics can have a formal singularity on
some line. Such state is not physical. But under electron
“vibrations” the singularity is smeared out within the
above narrow region. This anomalous electron-photon
state (of the polaronic type), if it exists, is physical.
That narrow region would play a role of a point where
the electron is connected “hard” to electromagnetic co-
ordinates and is dragged by them. One can treat the
electron to be localized in that region. Under photon
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FIG. 1: Particle can move along the x-direction only. This
particle, acted by the potential U(x), is attached to the elastic
string with displacements R(z). The particle displacement is
x = R(0). Exact states of the system are localized. In the
absence of the string two discrete levels in the well are shown.
emission the narrow region would oscillate increasing the
electron kinetic energy. As in the string case this pre-
vents the electron to lose its total energy resulting in
non-decaying states.
Therefore in quantum electrodynamics one can put a
question on possibility of non-decaying states of the elec-
tron in a potential well. These states are of continuous
energy spectrum since the condition of absence of singu-
larities, leading to levels quantization, is not imposed.
In Sec. II the exact solution for the system particle-
string is obtained. In Sec. III the hypothesis of the link
to quantum electrodynamics is discussed.
II. PARTICLE ON A STRING
Below we study the elastic string placed along the z
axis. Transverse displacements of the string are R(z, t)
as shown in Fig. 1. The particle of the massm is attached
to the string at the point z = 0 and moves together with
the string. The particle coordinate is x(t) = R(0, t). The
potential energy U(x) depends on the particle coordinate
only.
The energy of the string with the particle has the form
E =
∫
dz
{
1
2
[ρ+mδ(z)] R˙2 +
ρs2
2
(
∂R
∂z
)2
+ δ(z)U(R)
}
. (1)
In Eq. (1) ρ is the mass density of the string and s is the
velocity of elastic waves. The second term is the elastic
energy. The absence of the string corresponds to the limit
ρ = 0 and then the energy takes its usual form
E =
m
2
x˙2 + U(x). (2)
U(x)
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FIG. 2: (a) Dissipative motion of the particle in the well.
The electron-photon interaction provides a finite width of
the upper level resulting in the photon emission. (b) Pola-
ronic states. Energy spectrum of the particle, attached to the
string, is continuous and non-decaying (zero imaginary part
of energy).
A. Classical limit
In the classical limit the function R(z, t) is a macro-
scopic variable. It obeys the equation obtained by the
variation of the functional (1)
[ρ+mδ(z)] R¨− ρs2 ∂
2R
∂z2
+ U ′(R)δ(z) = 0. (3)
The integration of the singular part in Eq. (3) results in
mx¨+ U ′(x) − ρs2
(
∂R
∂z
∣∣∣∣
z=+0
− ∂R
∂z
∣∣∣∣
z=−0
)
= 0. (4)
At z 6= 0 the wave equation holds
R¨ − s2 ∂
2R
∂z2
= 0 (5)
with the solution
R(z, t) = x
(
t− |z|
s
)
. (6)
This solution, in the form of two waves running from the
point z = 0, corresponds to the condition R(0, t) = x(t).
The dynamic equation for x gets the form
mx¨+ U ′(x) + ηx˙ = 0, (7)
where η = 2ρs. Eq. (7) corresponds to the particle with
friction provided by the radiation mechanism. The en-
ergy of the moving particle is carried away by sound
waves from the point z = 0.
B. Discrete coordinates
It is convenient to consider the string of the finite
length L. In the finale results the limit L→∞ is taken.
According to this, one can use the Fourier series
R(z, t) =
1
L
∑
n
Rn(t) exp
(
2piin
L
z
)
. (8)
3In the representation (8) the energy (1) takes the form
E =
ρ
2L
∑
n
(
R˙2n + ω
2
nR
2
n
)
+
m
2
x˙2 + U(x), (9)
where ωn = 2pi|n|s/L. In Eq. (9) the R-part is not sep-
arated from the x-part due to the connection condition
following from (8)
x(t) =
1
L
∑
n
Rn(t). (10)
It is convenient to separate the total Rn by two parts
Rn =
rn + isn√
2
, (11)
where r−n = rn and s−n = −sn. Then the energy (9)
reads
E =
ρ
2L
∞∑
n=1
(
s˙2n + ω
2
ns
2
n
)
+
m
2
x˙2 + U(x)
+
ρ
2L
{
∞∑
n=1
(
r˙2n + ω
2
nr
2
n
)
+
1
2
r˙20
}
. (12)
As follows from (10),
r0 = xL
√
2− 2
∞∑
n=1
rn . (13)
We see that the x-mode is connected to r-mode only. The
s-mode is independent and corresponds to usual string
waves. For this reason it can be omitted.
C. Dissipative quantum mechanics
In multi-dimensional quantum mechanics for variables
x and rn (n = 1, 2, ...) one can subsequently integrate
out the variables rn by simple Gaussian integration [1].
As a result, the effective action in terms of x will get the
known Caldeira-Leggett form [1]. That action allows to
describe dissipative quantum systems, that is interacting
with reservoir. The classical dissipative limit corresponds
to Eq. (7). This problem is well investigated in literature
[4–15] and we do not repeat here known results. Instead
one can focus on another aspect of interaction with a
reservoir.
D. Particle energy
Below we consider the potential in the form of har-
monic oscillator U(x) = mΩ2x2/2. The total energy (12)
goes over into two quadratic forms with respect to coor-
dinates and their time derivatives. After diagonalization
of the forms the energy (12) is
E =
ρ
2L
∑
q
(η˙2q + ω
2
qη
2
q) , (14)
where ηq are the certain variables as in Appendix. The
frequency ωq depends on the new wave vector q according
to the relation (see Appendix)
Ω2 − ω2q =
ηωq
m
tan
(
Lωq
2s
)
. (15)
The quantization of the new wave vector follows from
(15)
qn =
2pin
L
− 2
L
arctan
(
msqn
η
− mΩ
2
ηsqn
)
. (16)
Formally calculating ∂n/∂qn one can establish the con-
nection ∑
n
F (ωq) =
∫
∞
0
dω ν(ω)F (ω), (17)
where the frequency distribution is
ν(ω) = ν0 +
η
pi
mω2 +mΩ2
(mω2 −mΩ2)2 + η2ω2 . (18)
Here ν0 = L/(2pis) is referred to the string without the
particle.
The energy (14) consists of contributions of indepen-
dent oscillators. Suppose all frequencies to be separated
by groups {ω}1, {ω}2, ... Oscillators with frequencies of
the group l are in the lth excited state. The total energy
can be separated by two parts E = E0 + Ep where
Ep =
∫
∞
0
~ω
(
1
2
+
∞∑
l=1
Nlω
)
(ν − ν0)(ω)dω (19)
is the particle contribution. Each Nlω ≤ l accounts for
the frequency distribution in the group {ω}l. When, for
example, all oscillators are in the first excited state then
only N1ω is not zero and N1ω = 1 for all frequencies.
Each separation on frequency groups corresponds to the
certain energy (19). The energy spectrum is continuous.
The string energy, without the particle, E0 is given
by analogous equation but with the frequency distribu-
tion ν0 related to the free string. The energy E0 ∼ L is
strongly divergent at large frequencies.
In the limit η ≪ mΩ of small particle dissipation the
particle energy E
(0)
p of the ground state (Nlω = 0), ac-
cording to (19), is
E(0)p =
~Ω
2
+
~η
2pim
ln
ωmax
Ω
. (20)
Here the second term is due to connection to the string.
It diverges logarithmically and should be cut off by the
large frequency ωmax. This frequency can be related to
the discreteness a ∼ 1/qmax of the string ωmax ∼ sqmax.
Correction to the quantum mechanical ground state
energy in Eq. (20) reminds the Lamb shift in hydrogen
atom [2, 17]. In that case the shift is also proportional
to the similar logarithm with mc2/~ instead of ωmax.
4E. Fluctuation dissipation theorem
As follows from Eq. (10),
x =
√
2
L
∑
q
u0qηq . (21)
The mean squared value of x, after the average on fluc-
tuations, is
〈x2〉 = 2
L2
∑
q
η2ω2q
(mω2q −mΩ2)2 + η2ω2q
〈η2q 〉. (22)
Besides quantum fluctuations one can consider also ther-
mal ones. It follows from (14) that
〈η2q〉 =
L~
2ρωq
cot
~ωq
2T
(23)
as for a harmonic oscillator. One should use the den-
sity of states ν0. The mean squared displacement (22)
corresponds to the usual fluctuation dissipation theorem
〈x2〉 = i~
2pi
∫
∞
−∞
cot
~ω
2T
dω
mω2 −mΩ2 + iηω . (24)
F. Distribution of string displacements
In Fig. 1 the instant string deformation is schemati-
cally shown. The mean displacements of the particle and
string coordinates are zero. There is a reason to look at
the mean squared displacements.
As follows from Eqs. (8), (10), and (13), the string
displacement is
R(z) = x+
√
2
L
∞∑
n=1
rn
[
cos
(
2pinz
L
)
− 1
]
. (25)
With the use of Eqs. (A.2) and (21) it follows
R(z) =
√
2
L
∑
q
ηq
∞∑
n=1
unq
[
cos
(
2pinz
L
)
− 1
]
. (26)
Accounting for Eqs. (A.11) and (A.10) one can obtain
R(z) =
√
2
L
∑
q
ηqu0q
[
cos
zωq
s
+
m(Ω2 − ω2q)
ηωq
sin
|z|ωq
s
]
(27)
The mean squared displacement of the string is
〈R2(z)〉 = 2~
piη
∫
∞
0
dωq
ωq
(ρωq
~L
〈η2q〉
){
sin2
zωq
s
+u20q
[
cos
2zωq
s
+
m(Ω2 − ω2q)
ηωq
sin
2|z|ωq
s
]}
. (28)
The first term in (28) is particle independent and relates
to the string only. This part is logarithmically divergent
at large momenta. The second two terms are related to
the particle. For the ground state 〈η2q 〉 = ~L/(2ρωq) and
at large distances ηs/(mΩ2)≪ z
〈R2(z)〉 = 〈R2(z)〉0 + ~
2pimΩ2
s
|z| , (29)
where the first term is particle independent and origi-
nates from the first term in (28)
〈R2(z)〉0 = 2~
piη
∫ qmax
0
dq
q
sin2 qz ≃ 2~
piη
ln zqmax . (30)
We include into (30) also the effect of the s-mode which
doubles the result.
One can see from (29) that the particle, attached to
the string, results in its displacements localized along the
string. This reminds a polaronic state of the electron in
solids [16].
G. Dissipative motion versus polaronic states
Usually the electron interaction with photons (string
waves in our case) results in a finite width of upper states
and therefore in the photon emission. This is the dissi-
pative motion of the particle since emitted photons prop-
agate to the infinity carrying away the energy. The cor-
responding state is nonstationary which in the classical
limit is referred to the electron dissipative motion (6),
(7).
In this paper a different scenario (polaronic states) is
studied. The particle energy spectrum (19) is continuous
as in Fig. 2(b). Ep is an exact energy of particle-string
states with zero imaginary part. So these states are not
decaying that is the particle cannot emit photon (prop-
agating sound wave along the string) as in Fig. 2(a).
The ground state energy in Fig. 2(b) is determined by
Eq. (20).
The polaronic state can arise from the dissipative state.
This can happen when the wave, emitted by the particle,
is reflected from the end of the string and returns. But
it takes the infinite time when L→∞.
Another way to form the polaronic state is to act by a
non-stationary pulse on the dissipative state. The pulse
has to be formed in space to reflect emitted photons
which, being returned, participate in formation of the
polaronic state.
III. DISCUSSION
One can qualitatively explain why photons (string
sound waves) are not emitted by polaronic states. This is
due to the “hard” connection to the string. Emission of
waves would result in oscillations of the string including
5the point of particle attachment. This increases the par-
ticle kinetic energy preventing it to lose its total energy
and therefore resulting in non-decaying states. These
general arguments show that polaronic states exist not
only in a harmonic potential well.
The issue is that nature allows the continuous non-
decaying energy spectrum in a potential well. This con-
clusion is based on the exact solution of the particle-
string problem obtained in this paper. There is no con-
tradiction to quantum mechanics since the particle is cou-
pled to the reservoir.
In quantum electrodynamics radiative corrections are
small [2] and one can say that the electron is not con-
nected “hard” to electromagnetic coordinates as in the
string case. Therefore shifts of discrete energy levels of
the electron (the Lamb shift [2]) are small. This is accom-
panied by a small broadening of higher levels resulting
in photons emission. The Lamb shift occurs since, due
to the photon influence, the electron “vibrates” within
the narrow region of 10−11cm [17, 18]. In that way
it probes various parts of the potential and therefore
slightly changes its energy. Thus in quantum electro-
dynamics polaronic states are impossible at first sight.
However, there are indications that states of the pola-
ronic type may exist in quantum electrodynamics. The
electron wave function in quantum mechanics can have
a formal singularity on some line. Such state is not
physical. But under electron “vibrations” the singular-
ity is smeared out within the above narrow region. This
anomalous electron-photon state (of the polaronic type),
if it exists, is physical.
That narrow region would play a role of a point where
the electron is connected “hard” to electromagnetic co-
ordinates and is dragged by them. One can treat the
electron to be localized in that region. Under the pho-
ton emission the narrow region oscillates increasing the
electron kinetic energy. As in the string case this would
prevent the electron to lose its total energy resulting in
non-decaying states.
Therefore in quantum electrodynamics one can put a
question on possibility of non-decaying states of the elec-
tron in a potential well. These states are expected of con-
tinuous energy spectrum since a singular wave function in
quantum mechanics does not lead to levels quantization.
In reality in such non-decaying spectrum the energy
can get a small imaginary part because of some non-
photon mechanism. In this case we deal with completely
unexpected long-living states of electrons with the con-
tinuous energy spectrum. These states can be a basis
for laser radiation. Such radiation is expected to be un-
usual since it does not correspond to a fixed transition
frequency.
Anomalous electron-photon states are supposed to be
formed by smearing out of singular wave functions ob-
tained in pure quantum mechanical approach. For ex-
ample, the solution of Schro¨dinger equation ln(x2 + y2),
singular along the z axis, becomes physical after cutting
off the logarithm. This occurs on the distance of 10−11cm
by the electron-photon interaction. Formation of such
state from usual ones requires an action of the certain
perturbation of the above spatial range to provide a not
small matrix element between the states. For example,
it can be irradiation of the sample by He ions of the keV
energy. Their de Broglie wave length is of that order of
magnitude. In other words, it is impossible to arbitrary
play with choosing of singular solutions of Schro¨dinger
equation.
IV. CONCLUSIONS
The motion of a particle in the potential well is stud-
ied when the particle is attached to the infinite elastic
string. This is generic with the problem of dissipative
quantum mechanics studied by Caldeira and Leggett [1].
Besides the dissipative motion there is another scenario
of interaction of the string with the particle attached.
Stationary particle-string states exist with string defor-
mations accompanying the particle. This is like polaronic
states in solids. Our polaronic states in the well are non-
decaying and with continuous energy spectrum.
Perhaps these states have a link to quantum electro-
dynamics. Quantum mechanical wave function, singular
on some line, is smeared out by electron “vibrations”
due to the interaction with photons. In those anomalous
state the smeared singularity position would be analo-
gous to the place where the particle is attached to the
string. The hypothesis is that, as in the string case, non-
decaying electron states in a well with continuous energy
spectrum can exist.
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Appendix: Reduction to independent oscillators
We introduce new variables ξn = rn at n = 1, 2, ... and
ξ0 = Lx/
√
2. The form (12) now takes the form
2L
ρ
E =
∞∑
n=1
ω2nξ
2
n +
2mΩ2
ρL
ξ20 +
∞∑
nm=1
(2 + δnm)ξ˙nξ˙m
−4ξ˙0
∞∑
n=1
ξ˙n + 2
(
1 +
m
ρL
)
ξ˙20 . (A.1)
One can apply the linear transformation
ξn =
∑
p
unpηp, (A.2)
where ηp is the new variable and matrix elements unp are
to be determined to get the form (A.1) quadratic. The
6energy (A.1) looks as
2L
ρ
E =
∑
pq
(Apq η˙pη˙q +Bpqηpηq) , (A.3)
where
Apq =
∞∑
nm=1
(2 + δnm)unpumq − 2
∞∑
n=1
(u0qunp + u0punq)
+2
(
1 +
m
ρL
)
u0pu0q , Bpq =
∞∑
n=0
unpκnunq . (A.4)
Here κn = ω
2
n at n = 1, 2, ... and κ0 = 2mΩ
2/(ρL).
One should choose the matrix unq in a way to get the
relations
Apq = δpq , Bpq = ω
2
qδpq , (A.5)
where ωq is the function to be determined. Using
Eqs. (A.2) and (A.5) one can easily obtain
ηq =
∞∑
n=0
κn
ω2q
unqξn . (A.6)
In the equation Bpq − ω2qApq = 0, which follows from
(A.5), one can equalize the coefficients at unp to zero.
This results in relations
2u0q =
∞∑
m=1
(2 + δnm)umq − κn
ω2q
unq, n = 1, 2, ... (A.7)
and
2u0q
(
1 +
m
ρL
− κ0
2ω2q
)
= 2
∞∑
m=1
umq, n = 0. (A.8)
Excluding 2u0q from (A.7) and (A.8) we obtain
(
1 +
ρL
m
ω2q
ω2q − Ω2
)
unq =
2ω2q
ω2n − ω2q
∞∑
m=1
umq . (A.9)
One can make the summation on n in the both parts of
(A.9) and to cancel
∑
umq. Using the formula
∞∑
n=1
cosnλ
n2 − a2 =
1
2a2
− pi
2a
(sin a|λ|+cos aλ cotpia) (A.10)
we obtain the relation (15) for the function ωq. The total
energy gets the form (14).
As follows from Eqs. (A.8) and (A.9),
unq =
2m
ρL
ω2q − Ω2
ω2n − ω2q
u0q. (A.11)
Substituting these forms into Eqs. (A.4), it is not difficult
to check that Bpq = 0 when p 6= q. To get the normal-
ization condition Bpp = ω
2
p (A.5) one should choose the
proper function u0q. One can check that
u0q =
ηωq√
(mω2q −mΩ2)2 + η2ω2q
. (A.12)
We omit simple calculations.
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